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The problem of the analysis of low temperature magnetization is exposed in detail. The application
of exact Bose representation of spin operators to the bulk ferromagnets is justified. By means of this
representation the magnetization of ultrathin films was analysed. It turned out that thin films magne-
tization contains exponentially small terms characterized by Dyson’s functions even in harmonical
approximation. The main conclusions of this work are that magnetic lattice of thin film is more rigid
than the macroscopic lattice and that the autoreduction process (the three layer film divides onto
three two layer subfilms) takes place in the film.
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1. INTRODUCTION

The Hamiltonian of Heisenberg model of isotropic ferro-
magnet is given by:

H = SJ0

∑
�n
�S−Sz�n�−

1
2

∑
�n� �m

I�n� �mS
−
�n S

+
�n

− 1
2

∑
�n� �m

I�n� �m�S−Sz�n��S−Sz�m� (1)

In this formula S+ = Sx+ iSy , S+ = Sx+ iSy are spin oper-
ators, I�n� �m are exchange integrals and J0 =

∑
�l I�l. The spin

operators obey the following commutation relations:

�S+�S−�=2Sz� �S+�Sz�=−S+� �S−�Sz�=S− (2)

It is obvious from (2) that spin commutation relations dif-
fer from Bozon commutation relations as well as from
fermion commutation rules. This fact caused many discus-
sions, which were lasting for about thirty years. The men-
tioned discussions were concerned mainly with attempts
of creating the real Bozon picture of low temperature
ferromagnet.

The first theory of low temperature magnetism was
given by Bloch.1�2 He rejected the last term of spin
Hamiltonian (1), which represents dynamical interaction

∗Author to whom correspondence should be addressed.

of spin waves and used the following Bozon representation
of spin operators

S+
�n =√

2SB�n� S−
�n =√

2SB+
�n � S−Sz�n=B+

�n B�n (3)

This Bloch’s approximation is called approximate sec-
ond quantization method, today. Since the operator S−Sz

takes finite set of values 0�1�2� � � � �2S it is clear that this
approximation becomes incorrect when the eigenvalues of
Bozon occupation number operator B+B is higher than
values 2S. In connection with this arose problem of non-
physical states, i.e., the states when �B+B�eigen > 2S.

The Hamiltonian (1) in Bloch’s approximation has the
following Bozon form:

H = SJ0

∑
�n
B+

�n B�n−S
∑
�n� �m

I�n� �mB
+
�n B �m (4)

This Hamiltonian can be diagonalized by means of Fourier
transformation of Bose operators B+

�n and B�n and conse-
quently, from diagonalized form can be found the disper-
sion law of spin waves. Using this dispersion law and the
approximations (3) Bloch obtained the following expres-
sion for low temperature relative magnetization:

� = �Sz�
S

= 1− 1
S
�3/2�

3/2� � = �

2�I
� � = kBT (5)

The Riemann’s � function is given by:

�p =
	∑
n=1

1
np

(6)
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The following step in low temperature analyses of ferro-
magnet was done by Holstein and Primakoff.3 They gen-
eralized Bloch’s approximation using the following Bozon
approximation of spin operators:

S+ =√
2S

√
1− B+B

2S
B

S− =√
2SB+

√
1− B+B

2S
(7)

Sz = S−B+B

It is seen that for S = 1/2 these formulas are valid if
maximal eigenvalue of operator B+B is equal to unit. In
accordance with this, square root

√
1−B+B transit into

1−B+B. Besides the upper Bozon representation of spin
operators the dynamical interaction term from (1) was
conserved in their picture. Using transition

√
1−B+B →

1 − B+B for S = 1/2 and expanding the square roots
from (7) they obtained additional fourth order term in
Bozon Hamiltonian that is known as kinematical inter-
action of spin waves because it arose due to the dif-
ference of spin and Bose commutation rules. As in the
case of Bloch’s model the problem of non-physical states
remained in the Holstein Primakoff model, also. The
Bozon Hamiltonian obtained in the described way was
analysed by Green’s function method and for relative mag-
netization of simple cubic ferromagnet with spin S = 1/2
was obtained the formula:

� = 1−2�3/2�
3/2 − 3�

2
�5/2�

5/2 − 33�2

16
�7/2�

7/2

−6��3/2�5/2�
4 +O��9/2� (8)

The term proportional to �4 is the consequence of spin
waves interaction. All other terms in (8) correspond to
harmonical Bloch’s approximation. In Bloch’s theory the
Fourier transform of exchange integral J�k =

∑
�l I�le

i�k�l was
expanded up to ��k�2. The terms proportional to �3/2

and �7/2 in (8) are the consequence of expansion J�k up
to ��k�6. The result (8) for low temperature magnetization
was considered as correct, but the suspicion remained: are
non-physical states correctly eliminated?

The correct theory of low temperature magnetization,
where the problem of non-physical states does not appear,
is given by Dyson.4�5 Dyson has shown that the contribu-
tions of the states with two and more Bozons on the lattice
site are exponentially small. Using this proof he obtained
the same expression for low temperature magnetization as
Holstein and Primakoff.

Using Dyson’s theory Maleev6 formulated the following
Bozon representation of spin operators:

S+ =√
2S

(
1− 1

2S
B+B

)
B

S− =√
2SB+ (9)

Sz = S−B+B

which leads to the result (8) for spin S = 1/2. It is seen
that the representation (9) is not hermitian. The expression
for S− is given on the basis of Dyson’s proof that the
contributions of two or more Bozons on the lattice site are
negligible. The representation (9) is called Dyson Maleev
representation.

Next step investigation of low temperature magnetiza-
tion were analyses by means of spin Green’s function.

The first attempt was done by Tyablikov.7 He analysed
ferromagnet with spin S = 1/2. The Hamiltonian of ferro-
magnet was expressed in terms of Pauli operators P+ and
P and the paulion Green’s function ��P�n�t� � P+

�m �0��� ≡
"�t���P�n�t�� P

+
�m �0���, where "�t� is Heaviside step

function,8 was calculated. The magnon concentrations
were found with the help of spectral intensity of paulion
Green’s function. Substituting spin concentrations, calcu-
lated in this way, in the expression for relative magne-
tization Tyablikov obtained the correction of harmonical
(Bloch’s) magnetization, which is proportional to �3 and
positive. This correction is known in the literature as “spu-
rious error.”

In ferromagnet with S > 1/2 the “spurious error” does
not appear. It was shown in series of references9–17 etc. In
mentioned works the system of 2S Green’s functions

#�n� �m�t� = "�t���P�n�t�� P
+
�m �0��� ≡ ��S+�Sz�2j−1 � S−���

2j = 1�2� � � � � S (10)

was solved. It turned out that the first anharmonic correc-
tion of magnetization for spin S > 1/2 was proportional to
square of magnon concentrations7 (chap. 35.21, p. 265),
i.e., proportional to �9/2. For S = 1/2 the first anharmonic
correction was proportional to square of magnon concen-
tration, i.e., proportional to �3. It means that the problem
of “spurious error” for S = 1/2 was not eliminated.

Several years ago the problem of low temperature
magnetization was treated by means of exact Bose
representation.18 In this representation Pauli operators
were represented by infinite Bose operators series. The
commutation rules of these Bozon series in Bozon space
were identical with Pauli commutation rules in Pauli oper-
ator space. In this way the problem of non-physical states
was eliminated. In the work19 was obtained the correct
expression for magnetization of antiferromagnet with spin
S = 1/2. In the work20 was pointed out that by the use of
exact Bozon representation of Pauli operators the problem
of “spurious error” could be successfully solved.

The magnetization of thin film will be analysed by
means of exact Bozon representation. The reason for this
is the fact that in thin films, as we shall see later, already
in harmonic (Bloch’s) approximation exponentially small
terms appear. Due to this, the Dyson’s proof that contribu-
tions of the states with two and more Bozons at one lattice
site, is not applicable in the case of thin films, since this
proof is related to anharmonic effect only.

2 J. Comput. Theor. Nanosci. 6, 1–13, 2009
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In the last time interest for magnetic problems
increases,21–30 but nowhere the problem of broken symme-
try structures is not in the first plan.

Since the whole further analysis will be done by means
of exact Bose representation we shall prove in the next
section that this representation leads to correct formula for
low temperature magnetization in the case of macroscopic
(bulk) structure.

In the third section we shall analyse low temperature
behaviour of films in Bloch’s approximation. It is nec-
essary since some of harmonic formulas define the low
temperature anharmonic corrections.

In the last section will be realised the main goal of this
work, i.e., investigation influence of spin waves interaction
to low temperature magnetization of magnetic film.

2. LOW TEMPERATURE MAGNETIZATION IN
IDEAL SIMPLE CUBIC STRUCTURE WITH
SPIN S = 1/2

Since the exact Bose representation of spin operators for
S = 1/2 (Pauli operators) will be used in analysis of thin
magnetic film, we shall prove in this section that its appli-
cation leads to correct, Dyson’s result. The Hamiltonian of
this ferromagnet will be expressed in terms of Pauli oper-
ators which are connected with spin operators for S = 1/2
by the following relations: S+ = P , S− = P+ and 1/2−
Sz = P+P .

Consequently, the form of the Hamiltonian of this ferro-
magnet, written in the nearest neighbour’s approximation
is the following:

H = 1
2

∑
�n
�I�n� �n+�ax +I�n� �n−�ax +I�n� �n+�ay +I�n� �n−�ay

+I�n� �n+�az+I�n� �n−�az�P
+
�n P�n

− 1
2

∑
�n
P+
�n �I�n� �n+�axP�n+�ax +I�n� �n−�axP�n−�ax +I�n� �n+�ayP�n+�ay

+I�n� �n−�ayP�n−�ay +I�n� �n+�azP�n+�az+I�n� �n−�azP�n−�az�

− 1
2

∑
�n
P+
�n P�n�I�n� �n+�axP

+
�n+�axP�n+�ax +I�n� �n−�axP

+
�n−�axP�n−�ax

+I�n� �n+�ayP
+
�n+�ayP�n+�ay +I�n� �n−�ayP

+
�n−�ayP�n−�ay

+I�n� �n+�azP
+
�n+�azP�n+�az+I�n� �n−�azP

+
�n+�azP�n−�az�

(11)

where �ax, �ay and �az are connecting the nearest neighbours.
The analysis will be carried out by means of paulion

Green’s function

#�n� �m�t�= "�t���P�n�t�� P
+
�m �0��� ≡ ��P�n�t� � P+

�m �0��� (12)

where "�t� is Heaviside step-function.

Since we deal with ideal structure, the exchange inte-
grals are equal everywhere, and therefore we shall take:

I�n��n±�ax = I�n��n±�ay = I�n��n±�az = I (13)

Differentiating #�n� �m�t� with respect to t and taking into
account that Ṗ�n = �1/�i����P�n�H� we obtain the following
equation

i�
d

dt
#�n� �m�t�

= i�'�t�'�n� �m�1−2�P+
�n P�n��+3I#�n� �m�t�

− 1
2
I�#�n+�ax� �n�t�+#�n−�ax� �n�t�+#�n+�ay��n�t�

+#�n−�ay��n�t�+#�n+�az��n�t�+#�n−�az��n�t��

+I
(��P+

�n �t�P�n�t�P�n+�ax �t� �P+
�m �0���

+��P+
�n �t�P�n�t�P�n−�ax �t� �P+

�m �0���
+��P+

�n �t�P�n�t�P�n+�ay �t� �P+
�m �0���

+��P+
�n �t�P�n�t�P�n−�ay �t� �P+

�m �0���
+��P+

�n �t�P�n�t�P�n+�az�t� �P+
�m �0���

+��P+
�n �t�P�n�t�P�n−�az�t� �P+

�m �0���
)

−I
(��P+

�n+�ax �t�P�n+�ax �t�P�n�t� �P+
�m �0���

+��P+
�n−�ax �t�P�n−�ax �t�P�n�t� �P+

�m �0���
+��P+

�n+�ay �t�P�n+�ay �t�P�n�t� �P+
�m �0���

+��P+
�n−�ay �t�P�n−�ay �t�P�n�t� �P+

�m �0���
+��P+

�n+�az�t�P�n+�az�t�P�n�t� �P+
�m �0���

+��P+
�n−�az�t�P�n−�az�t�P�n�t� �P+

�m �0���
)

(14)

At this stage of the analysis we shall substitute Pauli
operators P with Bose operators B using exact Bozon rep-
resentation of Pauli operators:

P =
[ 	∑
(=0

�−2�(

�1+(�!B
+(B(

]1/2

B

P+ = B+
[ 	∑
(=0

�−2�(

�1+(�!B
+(B(

]1/2

(15)

P+P =
	∑
(=0

�−2�(

�1+(�! �B
+�(+1B(+1

In low temperature range the upper representation can
be used in the following approximation:

P�n = B�n−B+
�n B�nB�n (16)

P+
�n = B+

�n −B+
�n B

+
�n B�n (17)

P+
�n P�n = B+

�n B�n− �B+
�n �

2B2
�n (18)

Substitution (16)–(18) has to be done in the follow-
ing way. In the Green’s function # must be used whole

J. Comput. Theor. Nanosci. 6, 1–13, 2009 3
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expressions on the right hand side of (16) and (17). In the
higher order Green’s functions Pauli operators may be sub-
stituted with Bose operators, i.e., P ≈ B and P+ ≈ B+.
Finally in correlator may be taken �P+

�n P�n� ≈ �B+
�n B�n�.

In the Eq. (14) expressed in terms of Bose operators, in
described way, higher order Bozon Green’s functions will
be transformed by means of Wick’s theorem. In such a
way we obtain:

��P�n�t� �P+
�m �0��� ≈ ���B�n�t�−B+

�n �t�B�n�t�B�n�t��

��B+
�m�0�−B+

�m�0�B
+
�m�0�B�n�0����

≈ ��B�n�t� �B+
�m�0���

−��B+
�n �t�B�n�t�B�n�t� �B+

�m�0���
−��B�n�t� �B+

�m�0�B
+
�m�0�B�n�0���

≈ ��B�n�t� �B+
�m�0���

−2�B+
�n B�n��0���B�n�t� �B+

�m�0���
−2�B+

�mB �m��0���B�n�t� �B+
�m�0��� (19)

It should be noticed out that the higher order Green’s
functions of the type ��B+BB � B+B+B�� are rejected,
since they are proportional to the square of Bozon con-
centration �B+B�. It means that in further analysis of
the Green’s function all contributions proportional to the
square of Bozon concentration will be rejected. Besides,
the concentrations of elementary excitations in ideal struc-
ture are not dependent on the lattice point index.1�2 So, for-
mula (19) can be written in the following way:

��P�n�t� � P+
�m �0���

≈ �1−4�B+B��0����B�n�t� � B+
�m�0��� (20)

The Green’s functions containing four Bose operators
can be decoupled, in accordance with Wick’s theorem, as
follows:

��B+
�a �t�B�a�t�B�b�t� � B+

�c �0���
= �B+

�a B�a��0���B�b�t� � B+
�c �0���

+�B+
�a B�b��0���B�a�t� � B+

�c �0��� (21)

The notations �B+B��0� means that average value of Bozon
occupation number is taken over canonical ensemble with
zero order Hamiltonian (11). In this Hamiltonian Pauli
operators are substituted with Bose operators and the last
term on the right-hand side of (11) is rejected.

In the correlator in (14) will be used the approximation
�P+P� ≈ �B+B��0�. In this way the Eq. (14) becomes:

i�
d

dt
G�n� �m�t�

= i�'�t�'�n� �m�1+2�B+B�0�+3IG�n� �m�t�

− 1
2
I�1−2�B+B��0��

×(
G�n+�ax� �n�t�+G�n−�ax� �n�t�+G�n+�ay��n�t�+G�n−�ay��n�t�

+G�n+�az��n�t�+G�n−�az��n�t�
)

+I
(�B+

�n B�n+�ax��0�+�B+
�n B�n−�ax��0�+�B+

�n B�n+�ay��0�

+�B+
�n B�n−�ay��0�+�B+

�n B�n+�az��0�+�B+
�n B�n−�az��0�

)
×G�n� �m�t�−6I�B+B��0�G�n� �m�t�

−I
(�B+

�n+axB�n��0�G�n+�ax� �m�t�+�B+
�n−axB�n��0�G�n−�ax� �m�t�

+�B+
�n+ayB�n��0�G�n+�ay� �m�t�+�B+

�n−ayB�n��0�G�n−�ay� �m�t�

+�B+
�n+azB�n��0�G�n+�az� �m�t�+�B+

�n−azB�n��0�G�n−�az� �m�t�
)

(22)

In this expression G is Bozon Green’s function, i.e.,

G�n� �m�t�= ��B�n�t� � B+
�m�0��� (23)

After Fourier transformations:

G�n� �m�t�=
1
N

∑
�k
ei

�k��n− �m�
∫ +	

−	
d-e−i-tG�k�-�

'�t�=
∫ +	

−	
d-e−i-t� '�n� �m=

1
N

∑
�k
e−i�k��n− �m� (24)

�B+
a Bb��0�=

1
N

∑
�k
�B+

�k B�k�e−i�k��n− �m�

the Eq. (22) reduces to:

Gkx�ky� kz
�-�= i

2�
1+2�B+B��0�
-−-kx�ky� kz

(25)

where -= E/� and -kx�ky� kz
= Ekx�ky� kz

/�. The energy of
the spin waves is given by:

E
�1�
kx�ky�kz

= E
�0�
kx�ky�kz

+ 2I
N

∑
qx�qy�qz

�cosakx+cosaky+cosakz+cosaqx

+cosaqy+cosaqz−3−cosa�kx−qx�

−cosa�ky−qy�−cosa�kz−qz��

· 1

eE
�0�
qx �qy �qz /�−1

(26)

where

E
�0�
kx� ky� kz

= 2I
(

sin2 akx
2

+ sin2 aky

2
+ sin2 akz

2

)
(27)

The second term in (26) is correction of harmonic energy
spin waves, which comes from spin waves interaction
(mass operator).

The spectral intensity of Green’s function (25) is given
by well-known formula:

IG = G�-+ i'�−G�-− i'�

e�-/�−1
� '→ 0+� � = kBT

(28)

4 J. Comput. Theor. Nanosci. 6, 1–13, 2009
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wherefrom it follows:

IG�-�=
1+2�B+B��0�
e�-/�−1

'�-−-kx�ky� kz
� (29)

The correlation function in momentum space is
given by:

�B+
kx� ky� kz

�0�Bkx�ky� kz
�t��

=
∫ +	

−	
d-e−i-tIG�-�

= 1+2�B+B��0�
e
E
�1�
kx � ky � kz

/�−1
e
−�it/��E�1�

kx � ky � kz (30)

where

�B+B��0� = 1
N

∑
kx� ky� kz

1

e
E
�0�
kx � ky � kz

/�−1
(31)

The first order Bozon concentration is given, in accordance
with (30), by:

�B+
kx� ky� kz

�0�Bkx�ky� kz
�0�� = 1+2�B+B��0�

e
E
�1�
kx � ky � kz

/�−1
(32)

Using formula (18) we can write:

�P+P� = �B+B��1�−�B+B+BB�

and this, on the basis of Wick’s theorem, goes over to:

�P+P� = �B+B��1�−2��B+B��0��2 (33)

Since (see formula (32))

�B+B��1� = 1
N

∑
kx� ky� kz

1+2�B+B��0�
e
E
�1�
kx � ky � kz

/�−1
(34)

formula (31) reduces to:

�P+P� = 1
N

∑
kx� ky� kz

1

e
E
�1�
kx � ky � kz

/�−1
(35)

with the rest proportional to �11/2. It means that ordering
parameter is given by:

� = 1− 2
N

∑
kx� ky� kz

1

e
E
�1�
kx � ky � kz

/�−1
(36)

Substituting in (36) E
�1�
kx� ky� kz

from the formula (36)

and expanding cosine functions up to ��k�6 we obtain
well-known Dyson’s formula for low temperature
magnetization (8).

Since Bozon representation (15) are valid for all pos-
sible values of Bozon occupation number the problem of
non-physical states in the exposed approach does not arise.

3. MAGNETIZATION OF ULTRATHIN FILM IN
BLOCH’S (HARMONIC) APPROXIMATION

In this part we shall examine behaviour of ordering param-
eter of ultrathin magnetic film with spin S= 1/2 in Bloch’s
(harmonic) approximation. In this approximation Pauli
operators P are substituted with Bose operators B and
the terms corresponding to dynamical interaction of spin
waves is rejected. Consequently, Hamiltonian has the fol-
lowing form:

H = 1
2

∑
�n
�I�n� �n+�ax + I�n� �n−�ax + I�n� �n+�ay + I�n� �n−�ay

+ I�n� �n+�az + I�n� �n−�az�B
+
�n B�n

− 1
2

∑
�n
B+

�n �I�n� �n+�axB�n+�ax + I�n� �n−�axB�n−�ax

+ I�n� �n+�ayB�n+�ay + I�n� �n−�ayB�n−�ay
+ I�n� �n+�azB�n+�az + I�n��n−�azB�n−�az� (37)

We assume that this film is cut off from simple cubic lat-
tice. It is also assumed that the translational symmetry is
disturbed in z-direction. In x, y planes this symmetry is
conserved. The simplest boundary conditions, consisting
in absence of layers nz =−1 and nz =Nz+1 will be taken.
It means that the boundary conditions are fomulated as
follows:

Inx�ny�0�nx�ny�−1 = Inx�ny�Nz�nx�ny�Nz+1 = 0 (38)

Described magnetic film will be analysed with help of
Green’s function

g�n� �m�t�="�t���B�n�t��B
+
�m�0���=��B�n�t� �B+

�m�0��� (39)

It should be noticed that calculation technique of
Green’s functions depending on two indices separately is
developed in.31–35

Differentiating (39) with respect to time and using equa-
tions of motion for operator B�n�t�, we obtain the following
equation

i�
d

dt
gnx�ny�nz�mx�my�mz

�t�

= i�'�t�'nx�ny�nz�mx�my�mz
+3Ignx�ny�nz�mx�my�mz

�t�

− 1
2
I�gnx+1� ny�nz�mx�my�mz

�t�+gnx−1� ny�nz�mx�my�mz
�t�

+gnx�ny+1� nz�mx�my�mz
�t�+gnx�ny−1� nz�mx�my�mz

�t�

+gnx�ny�nz+1�mx�my�mz
�t�+gnx�ny�nz−1�mx�my�mz

�t��

(40)

where

I = Inx±1� ny�nz
= Inx�ny±1� nz

= Inx�ny�nz±1 (41)
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Here will be carried out transition to frequency space
by means of Fourier transformations

gnx�ny�nz�mx�my�mz
�t�=

∫ +	

−	
d-e−i-tgnx�ny�nz�mx�my�mz

�-�

'�t�= 1/2�
∫ +	

−	
d-e−i-t

(42)

After these transformations (40) becomes:

�E−3I�gnx�ny�nz�mx�my�mz
�-�

= i�

2�
'�t�'nx�mx

'ny�my
'nz�mz

− 1
2
I�gnx+1� ny�nz�mx�my�mz

�t�+gnx−1� ny�nz�mx�my�mz
�t�

+gnx�ny+1� nz�mx�my�mz
�t�+gnx�ny−1� nz�mx�my�mz

�t�

+gnx�ny�nz+1�mx�my�mz
�t�+gnx�ny�nz−1�mx�my�mz

�t��

(43)

Taking into account that considered film is trans-
lationally invariant in x, y planes, we introduce the
transformations:

gnx�ny�nz�mx�my�mz
�-�= 1

NxNy

∑
kx�ky

1nz�mz
eiakx�nx−mx�+iaky�ny−my�

'nx�mx
= 1
Nx

∑
kx

eiakx�nx−mx� (44)

'ny�my
= 1
Ny

∑
ky

eiaky�ny−my�

After these transformations relation (43) becomes:

1
2
I�1nz+1�mz

�kx� ky�-�+1nz−1�mz
�kx� ky�-��

+ �E−3I + I�cosakx+ cosaky��1nz�mz
�kx� ky�-�

= i�

2�
'nz�mz

(45)

This equation is valid for an ideal structure. Since we
deal with thin film the boundary conditions (41) have to
be included. The application of boundary conditions trans-
lates (45) into system of three difference equations

1
2
I�1nz+1�mz

+1nz−1�mz
�+21nz�mz

= i�

2�
'nz�mz

�

1 ≤ nz ≤ Nz−1 (46)

1
2
I11�mz

+
(
2+ 1

2
I

)
10�mz

= i�

2�
'0�mz

� nz = 0 (47)

1
2
I1Nz−1�mz

+
(
2+ 1

2
I

)
1Nz�mz

= i�

2�
'Nz�mz

� nz = Nz

(48)

where
2= E−3I + I�cosakx+ cosaky� (49)

It can be easily concluded that the transformation

1nz�mz
�kx� ky�-�=

Nz∑
3=1

cmz�3
fnz�3 (50)

where
fnz�3 = sin�nz+1�53− sinnz53 (51)

and

53 =
�3

Nz+1
� 3= 1�2�3� � � � �Nz (52)

reduces all Eqs. (46)–(48) into the unique form:

Nz∑
3=1

�I cos53+2�C3�mz
�kx� ky�-�fnz�3 =

i�

2�
'nz�mz

�

nz = 0�1�2� � � � �Nz (53)

It should be pointed out that 3 may not take values 0
and Nz+1 since it leads to 1 ≡ 0.

The Kronecker symbol 'nz�mz
will be taken in the fol-

lowing form:

'nz�mz
=

Nz∑
3=1

fnz�3rmz�3
(54)

Functions rmz�3
are the solutions of the system of alge-

braic equations obtained from the conditions 'nz�nz = 1
and 'nz�mz

nz �=mz

= 0.

Taking

cmz�3
�kx� ky�-�= q3�kx� ky�-�rmz�3

(55)

and combining (53), (54) into (55) we find that

q3�kx� ky�-�=
i

2�
1

-−-
�0�
kx� ky�3

(56)

where

-= E

�
� -

�0�
kx� ky�3

=
E
�0�
kx� ky�3

�

E
�0�
kx� ky�3

= 2I
(

sin2 akx
2

+ sin2 aky

2
+ sin2 53

2

) (57)

Substituting (56) into (55) and including obtained result
into (50), we have:

1nz�mz
�kx� ky�-�=

i

2�

Nz∑
3=1

83�nz�mz�

-−-
�0�
kx� ky�3

(58)

where
83�nz�mz�= fnz�3rmz�3

(59)
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The inclusion of (58) into (44) leads to the final expres-
sion of Green’s function g:

gnx�ny�nz�mx�my�mz
�-� = i

2�
1

NxNy

· ∑
kx�ky

eiakx�nx−mx�+iaky�ny−my�

×
Nz∑
3=1

83�nz�mz�

-−-
�0�
kx�ky�3

(60)

Spectral intensity of this Green’s function is given by
the general formula (29), wherefrom it follows:

Ig�-� =
1

NxNy

∑
kx� ky

2∑
3=1

eiakx�nx−mx�+iaky�ny−my�

×
Nz∑
3=1

83�nz�mz�
'�-−-

�0�
kx� ky�3

�

e�-/�−1
(61)

The correlation function is given by:

�B+
mx�my�mz

�0�Bnx�ny�nz
�t���0� =

∫ +	

−	
d-e−i-tIg�-�

wherefrom we obtain:

�B+
mx�my�mz

�0�Bnx�ny�nz
�t���0�

= 1
NxNy

∑
kx� ky

Nz∑
3=1

83�nz�mz�

e
E
�0�
kx � ky �3

/�−1

× e
iakx�nx−mx�+iaky�ny−my�−it-�0�

kx � ky �3 (62)

This formula for nx = mx, ny = my , nz = mz and t = 0
gives the expression for Bozon concentration:

�B+
nx�ny�nz

�0�Bnx�ny�nz
�0���0�

= 1
NxNy

∑
kx� ky

Nz∑
3=1

83�nz�nz�

e
E
�0�
kx � ky �3

/�−1
(63)

At this stage of analysis it is necessary to point out that
the transition from configurational space nz to momen-
tum space �3� is not the isomorphic one. The momentum
space is narrower than configurational one since for nz =
0�1�2�3� � � � �Nz. the momentum index 3 takes the fol-
lowing set of values 3 = 1�2�3� � � � �Nz. This is the most
important property of nanostructures, which will be dis-
cussed in more detail in further.

The mentioned non-isomorphism leads to autoreduction
of the film since the spin waves do not propagate in one
of its layers. In the “empty” layer appear some localized
spin excitations, probably.

For clearness we shall consider three-layer film where
the layers in z-direction are denoted with nz = 0�1�2.
Since momentum index 3 takes the values 3 = 1�2, the
spin waves propagate in one of three possible two layer
subfilms: nz = 0, nz = 1; nz = 1, nz = 2 and nz = 0, nz = 2.

In further for subfilms will be used notations (0, 1), (1, 2)
and (0, 2), respectively.

For subfilm (0, 1) in accordance with (63) we have:

�B+B
nz=0

��0� =
2∑

3=1

801
3 �0�0�F3 (64)

where

801
1 �0�0�=f01r01=1� 801

2 �0�0�=f02r02=0 (65)

and

F3 =
1

NxNy

∑
kx� ky

1

e
E
�0�
kx � ky �3

/�−1
= �Z1

(
23−1
4��

)

� = �

2�I
� Zp�q�=

	∑
n=1

e−nq

np

(66)

For nz = 1 we have:

�B+B
nz=1

��0� =
2∑

3=1

801
3 �1�1�F3� t (67)

where

801
1 �1�1�=f11r11=0� 801

2 �1�1�=f12r12=1 (68)

For subfilm �1�2� the Bozon concentrations are given
by:

�B+B
nz=1

��0� =
2∑

3=1

812
3 �1�1�F3 (69)

where

812
1 �1�1�=f11r11=0� 812

2 �1�1�=f12r12=1 (70)

and

�B+B
nz=2

��0� =
2∑

3=1

812
3 �2�2�F3 (71)

where

812
1 �2�2�=f21r21=1� 812

2 �2�2�=f22r22=0 (72)

Finally, for subfilm �0�2� Bozon concentrations are given
by:

�B+B
nz=0

��0� =
2∑

3=1

802
3 �0�0�F3 (73)

where

802
1 �0�0�=f01r01=

1
2
� 802

2 �0�0�=f02r02=
1
2

(74)

and

�B+B
nz=2

��0� =
2∑

3=1

802
3 �2�2�F3 (75)

where

802
1 �2�2�=f21r21=

1
2
� 802

2 �2�2�=f22r22=
1
2

(76)
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It is useful for further analyses to quote Bose concen-
trations in subfilms as well as some of correlation func-
tions. From the formulas (64)–(76) we obtain the following
expressions for Bozon concentrations:

�B+B
nz=0

��0�01 = �B+B
nz=2

��0�12 = �Z1

(
1

4��

)

�B+B
nz=1

��0�01 = �B+B
nz=1

��0�12 = �Z1

(
3

4��

)
(77)

�B+B
nz=0

��0�02 = �B+B
nz=2

��0�02 = 1
2
�

[
Z1

(
1

4��

)
+Z1

(
3

4��

)]

The transitions �0�1� are characterized by correlation
functions �B+

nx�ny�1Bnx�ny�0� and �B+
nx�ny�0Bnx�ny�1�. The val-

ues of these correlation functions are the following:

�B+
nx�ny�1Bnx�ny�0� = �B+

nx�ny�1Bnx�ny�2�

= �

[
Z1

(
1

4��

)
−Z1

(
3

4��

)]
(78)

�B+
nx�ny�0Bnx�ny�1� = �B+

nx�ny�2Bnx�ny�1� = 0

It is interesting to note that the transitions of excitations
from boundary layers 0 and 2 to the central layer 1 are dif-
ferent from zero, while the transitions from central layer to
boundary layers are ”forbidden,” i.e., equal to zero. Since
the concentrations of excitations in boundary layers are
higher than the concentration in central layer, the results
(78) mean that in the film exists tending to energy equi-
librium since the spin wave energy “flows” from higher
energy places to the places of lower energy. This result is
physically expected.

The results (77) for Bozon concentrations are in full
correspondence with film geometry. This essentially sim-
plifies calculations. Knowing concentrations and con-
nected with them characteristics of one of subfilms,
say �0�1�, we immediately can find the same for other
subfilms.

4. THE INFLUENCE OF MAGNON–MAGNON
INTERACTION IN THIN FILMS TO
BLOCH’S MAGNETIZATION

We start from the Hamiltonian (11) and it will be anal-
ysed by means of paulion Green’s function (12). Boundary
conditions, consisting in absence of layers nz = −1 and
nz = Nz+1 will be assumed. It means that they are given
by the formula (38). Notations (41) will be used, also.

Differentiating paulion Green’s function with respect
to time and using the equation of motion Ṗ�n =
�1/�i����P�n�H� we obtain the Eq. (14).

Further analysis will be carried out using exact Bose
representation of Pauli operators (15). In low temperature
range, as it was shown in the Section 2 it is sufficient
to use approximate expressions (16)–(18) instead of (15).

The use of mentioned approximate formulas is described
in Section 2 as well as the decoupling procedure of higher
order Bozon Green’s functions and therefore we shall not
repeat it here. The equation for Fourier-transform G�n� �m�-�
the Bozon Green’s function:

G�n� �m�t�= ��B�n�t� � B+
�m�0���

obtained in above described way is the following:

EG�n� �m�-�

= i�

2�
�1+2�B+B��0��'�n� �m+3IG�n� �m�-�−

I

2
�1−2�B+B��0��

×��G�n+�ax� �m�-�+G�n−�ax� �m�-�+G�n+�ay� �m�-�

+G�n−�ay� �m�-�+G�n+�az� �m�-�+G�n−�az� �m�-��+IG�n� �m�-�

×��B+
�n B�n+�ax��0�+�B+

�n B�n−�ax��0�+�B+
�n B�n+�ay��0�

+�B+
�n B�n−�ay��0�+�B+

�n B�n+�az��0�+�B+
�n B�n−�az��0�

−�B+
�n+�axB�n+�ax��0�−�B+

�n−�axB�n−�ax��0�−�B+
�n+�ayB�n+�ay��0�

−�B+
�n−�ayB�n−�ay��0�−�B+

�n+�azB�n+�az��0�−�B+
�n−�azB�n−�az��0��

−I��B+
�n+�axB�n��0�G�n+�ax� �m�-�+�B+

�n−�axB�n��0�G�n−�ax� �m�-�

+�B+
�n+�ayB�n��0�G�n+�ay� �m�-�+�B+

�n−�ayB�n��0�G�n−�ay� �m�-�

+�B+
�n+�azB�n��0�G�n+�az� �m�-�+�B+

�n−�azB�n��0�G�n−�az� �m�-��

(79)

It should be noticed that in the correlator �i�/2�� ·
�1 + 2�B+

�n B�n��'�n� �m the configurational index of Bozon
concentration �B+B��0� is not specified. The reason for this
is the fact that the correlator serves for estimate of the
error in the transition

�P+P� = �B+B��1�−2��B+B��0��2
which was done in the section two. The specification of
configurational index does not influence to the mentioned
estimate, what will be shown later. On the other hand,
the zero order Bozon concentrations as well as correlation
functions figuring in the rest of the right-hand side of (79)
will be determined by means of the formulae (77) and (78).
For Bozon concentrations will be taken arithmetic aver-
ages over corresponding subfilms, while for correlation
functions the formulae (78) will be applied directly. The
translatory invariance in x, y plane will be included in
calculations by means of formulae:

Gnx�ny�nz�mx�my�mz
�-�

= 1
NxNy

∑
kx� ky

;nz�mz
�kx� ky�-�e

iakx�nx−mx�+iaky�ny−my�

'nx�mx
= 1
Nx

∑
kx

eiakx�nx−mx�

'ny�my
= 1
Ny

∑
ky

eiaky�ny−my�

(80)
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The further analysis will be related to three-layer film,
only. The reason for this lies in the fact that the calcu-
lations are very tedious even in the case of three-layer
film. The calculations for multi-layer films catastrophically
rapidly increase with the increase of number of layers. On
the other hand the calculation procedure exposed, allows
the formulation of fundamental set of equations for film
with arbitrary number of layers without any problem.

For three-layer film and boundary conditions (25) we
obtain the following system of difference equations

nz = 1 J �;2�mz
+;0�mz

�+2;1�mz

= i�

2�
�1+2�B+B��0��'1�mz

(81)

nz = 0 �J −<J�;1�mz
+ �2+<2�;0�mz

= i�

2�
�1+2�B+B��0��'0�mz

(82)

nz = 2 �J −<J�;1�mz
+ �2+<2�;2�mz

= i�

2�
�1+2�B+B��0��'2�mz

(83)

The notations in upper equations are the following:

2= E−2I
(

sin2 akx
2

+ sin2 aky

2

)

−I + 1
2
I�F1 +3F2�−2I=2 (84)

<2= 1
2
I − 1

2
I�F1 +F2�−

3
2
I=2 (85)

<= ==1 −=2 (86)

J = 1
2
I�1−2F2� (87)

<J = 1
4
I<F (88)

<F = F1 −F2 (89)

The functions F and = are given by:

F3 =
1

NxNy

∑
kx� ky

1

e
E
�0�
kx � ky �3 −1

= �Z1

(
23−1
4��

)
+ �

2
�2Z2

(
23−1
4��

)
+O��3Z��

23−1
2

I

�
= 23−1

4��

(90)

and

=3 = 1
NxNy

∑
qx�qy

M�kx�ky�qx�qy�

e
E
�0�
qx �qy �3−1

= −ak
[
��3/2Z3/2

(
23−1
4��

)
− 27

16
�2�5/2Z5/2

(
23−1
4��

)

−�ak�2

[
3
4
��2Z2

(
23−1
4��

)
− 19

16
�2�3Z3

(
23−1
4��

)]

+�ak�3

[
1
8
��3/2Z3/2

(
23−1
4��

)

− 95
768

�2�5/2Z5/2

(
23−1
4��

)]

+O��7/2Z� (91)

The results (90) and (91) are obtained for

E
�0�
kx� ky�3

= 2I
(

sin2 akx
2

+ sin2 aky

2
+ sin2 3�

6

)
�

3= 1�2 (92)

and

M�kx� ky� qx� qy� = cosakx+ cosaky+ cosaqx

+ cosaqy−2− cosa�kx−qx�

− cosa�ky−qy� (93)

It can be easily shown that all Eqs. (81)–(83) reduce to
the unique one

2∑
3=1

�2J cos?3+2�amz�3
�kx� ky�-�Snz�3 =

i�

2�
'nz�mz

�

nz�mz ∈ @0�1�2A (94)

by the substitution:

;nz�mz
=

2∑
3=1

amz�3
Snz�3 (95)

where
Snz�3 = sin�nz+1�?3+Y3 sinnz?3 (96)

and
Y3 =−1+ [(

1+ cos?�0�
3

)
<F +3<=

]
(97)

if the parameters ?3 satisfy the following equation:

1
2

sin 3?3− sin 3?3 cos?3+ sin 2?3 cos?3−
1
2

sin?3

+ 5
√

3
8

<F + 3
√

3
2

<= = 0 (98)

Using the approximate formulae:

sin�x+C�≈ sin x+C cosx� C� x

cos�x+C�≈ cosx−C sin x� C� x
(99)

we obtain the following expressions for parameters ?3:

?1 =
�

3
+'1� '1 =

5
√

3
12

<F +√
3<=�

?2 =
2�
3

+'2� '2 =
√

3
36

<F +
√

3
3
<=

(100)

J. Comput. Theor. Nanosci. 6, 1–13, 2009 9



R
E
S
E
A
R
C
H
A
R
T
IC
L
E

Behaviour of Thin Magnetic Films at Low Temperatures Sajfert et al.

The Kronecker symbol in (94) will be taken in the form:

'nz�mz
=

2∑
3=1

Snz�3Tmz�3
(101)

It was earlier said that if we know concentrations in one
of subfilms �0�1�, �1�2� or �0�2�, they are quite sufficient
for determining the concentrations in other two subfilms
and therefore we shall look for the solutions of subfilm
�0�1�, only. For this subfilm the Eq. (101) gives the fol-
lowing values for parameters T :

T 01
01 = S01

12

D
� T 01

02 = S01
11

D
� T 01

11 = S01
02

D
� T 01

12 = S01
01

D

D=S012
01 S01

12 −S01
02S

01
11

(102)

Using the formulae (96), (97) and (100) we obtain:

S01
01 =

√
3

2

(
1+ 5

6
<F +2<=

)

S01
02 =

√
3

2

[
1−

(
1
6
<F + 1

3
<=

)]

S01
11 =

23
√

3
24

<F +2
√

3<=

S01
12 =−√

3
(

1+ 17
72

<F +<=

)

(103)

Combining (102) and (103) we find:

S01
01T

01
01 = S01

12T
01

12 = 1−
(

23
24
<F +2<=

)

S01
02T

01
02 = S01

11T
01

11 = 23
24
<F +2<=

(104)

Substituting (101) into (94) and taking

amz�3
�kx� ky�-�= bkx�ky�3�-�Tmz�3

(105)

we reduce (94) to:

bkx�ky�3�-�=
i

2�
1+2�B+B��0�
-−-

�1�
kx� ky�3

(106)

where

-kx�ky�3
= 1

�
E
�1�
kx� ky�3

E
�1�
kx� ky�3

= 2I
(

sin2 akx
2

+ sin2 aky

2
+ sin2 ?3

2

)

− 1
2
IF1 −

1
2
IF2

(
3−4 cos

3�

3

)
+2I=2

(107)

Combining (95), (105), (106) and (80) we obtain Bozon
Green’s function of considered system:

Gnx�ny�nz�mx�my�mz
�-�

= i�1+2�B+B��0��
2�

1
NxNy

· ∑
kx�ky

2∑
3=1

eiakx�nx−mx�+iaky�ny−my� · Snz�3Tmz�3

-−-
�0�
kx�ky�3

(108)

Having the formula (108), we can find the spectral inten-
sity, correlation function and Bozon concentrations in the
first approximation. We shall quote first order Bozon con-
centration for subfilm �0�1�, only:

�B+B��1�01 = �1+2�B+B��0�� 1
NxNy

· ∑
kx� ky

2∑
3=1

S01
nz�3

T 01
nz�3

e
E
�1�
kx � ky �3

/�−1
(109)

Now we shall determine ordering parameter and esti-
mate order of magnitude its rest. The expression for � is
given by:

� = 1−2�P+P� = 1−2�B+B��1�+4��B+B��0��2 (110)

Taking into account (109) we can write:

� = 1− 2
NxNy

∑
kx� ky

2∑
3=1

Snz�3Tnz�3

e
E
�1�
kx � ky �3

/�−1

−4�B+B��0�<�B+B� (111)

The last term on the right-hand side (111) will be
neglected. It means that ordering parameter will be calcu-
lated by means of formula (111) including first two right-
hand side terms, only.

In order to follow exactness of further calculation we
shall estimate order of magnitude the neglected term. Since
�B+B��0� is of the order �Z1 we shall estimate the order
of the magnitude <�B+B�, only. Using the formula:

E
�1�
kx� ky�3

= E
�0�
kx� ky�3

+ I

(√
3

2
'3−

1
2
F1

− 1
2
F2

(
3−4 cos

3�

3

)
+2=2

)
(112)

we can write

<�B+B�

= 1
NxNy

∑
kx�ky

2∑
3=1

[
Snz�3Tnz�3

e
E
�1�
kx �ky �3

/�−1
− fnz�3rnz�3

e
E
�0�
kx �ky �3

/�−1

]

≈ 1
NxNy

∑
kx�ky

2∑
3=1

e
−nE�0�

kx �ky �3
/�

{
Snz�3Tnz�3

[
1− nI

�

(√
3

2
'3−

1
2
F1

− 1
2
F2

(
3−4cos

3�

3

)
+2=2

]
−fnz�3rnz�3

}
(113)

Taking leading terms, only, we find from the last formula
that

<�B+B� ∼ 1
16�

�Z1

(
1

4��

)
Z0

(
1

4��

)

This leads to the estimate:

−4�B+B��0�<�B+B� ∼ 1
4�

�2Z0

(
1

4��

)
Z2

1

(
1

4��

)
(114)
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so that we can write, finally:

� = 1− 2
NxNy

∑
kx�ky

2∑
3=1

Snz�3Tnz�3

e
E
�1�
kx � ky �3

/�−1
+O��2Z3� (115)

The temperature functions F and = appearing dur-
ing calculation of � are given by the formulas (90)
and (91). It should be noticed that the results (90)
and (91) are obtained in the following small wave vectors
approximation:

sin2 akx
2

+ sin2 aky

2

≈ a2k2

4
− a4k4

48
�cos4 ?+ cos4 ?�+O�k6� (116)

Since the rest in (90) is of the order �3Z it must be used

F 2 = �2Z2
1 +��3Z1Z2 +O��4Z2�

Keeping this in mind we found the following expression
for ordering parameters. The ordering parameter for the
layer nz = 0 is:

�01�0�= �01
h �0�+'a�

01�0� (117)

where

�01
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(
1
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and
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where
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where

<Zp = Zp

(
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)
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For the layer nz = 1 ordering parameter is given by:

�01�1�= �01
h �1�+'a�

01�1� (120)

where
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− 15�2
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Taking into account the film geometry we immediately can
write for subfilm �1�2�:

�12�1�= �01�1�

�12�2�= �01�0�
(123)

In subfilm �0�2� the ordering parameters are given by:

�10�0�= �02�2�= 1
2
��10�0�+�01�1�� (124)

In connection with the last two formulas see (77).
Ending the analyses of this section we shall estimate the

frames of validity of the formulae (117) and (120). Since
the error made by the use of the formula (115) is of the
order �2Z3, while the minimal terms in (117) and (120)
are of the order �3Z2, the formulae (117) and (120) for
ordering parameters are correct if � < Z. This condition is
satisfied if 0 < � < 0�02. For the ferromagnet with transi-
tion temperature of the order TC = 1000 K the formulae
(117) and (120) are correct for the values of temperatures
lying in the interval @0 < T < 150 KA.

5. CONCLUSION

The results obtained here are heterogeneous and signif-
icantly differ form the results for corresponding macro-
scopic structure. It is useful, therefore, to expose the
concluding remarks taxatively:

(1) In macroscopic structure the small quantity in rel-
ative magnetization expansion is the relative temperature
� =�/�2�I�. In the corresponding film appear two small
quantities: relative temperature � and exponentially small
quantities given by the Dyson’s functions Zp��23− 1�/
�4����. The exponentially small terms appear already in
harmonical (Bloch’s) approximation (see Section 3). It was
reason for the use of exact Agranovich-Toshich Bozon rep-
resentation of spin operators in these analyses.

(2) In the macroscopic structure the harmonic magneti-
zation contains the terms �3/2, �5/2 and �7/2, while anhar-
monic correction is proportional to �4. The harmonic terms
are the consequence of application small wave vector
approximation up to k6. In the film the harmonic terms are

of the order �Z, �2Z etc., while the anharmonic correc-
tions are of the type �Z2, �2Z2 etc. This fact complicates
comparing of the film to the corresponding macroscopic
structure. Independently, the following conclusion is evi-
dent: the thin magnetic films are more resistant to temper-
ature changes than the corresponding bulk ferromagnet.

(3) Magnetization of thin films depends on configura-
tional index nz. This is the consequence of disturbed trans-
lational symmetry along z-direction.

(4) The more essential consequence of translation sym-
metry disturbance is appearance of autoreduction in
thin film. Namely the transition from configurational
space into the momentum one is not isomorphic trans-
formation of the type N ↔ N . In the thin mag-
netic film we have the transition of the type N ↔
N − 1. In the three layer film configurational index
nz takes three values: nz = 0, nz = 1 and nz = 2,
while the momentum index 3 takes two values: 3 = 1
and 3 = 2. It means that in three layer films the initial
excitations appear in two-layer substructure, only. Those
substructure are �0�1�, �1�2� and �0�2�. The approach
used does not give the answer to the question: what hap-
pens in the “empty” layer? The most probable answer is
that in the empty layer appears localized spin excitations.
It is important to note that autoreduction can be considered
as qualitative difference between nano- and macroscopic
structures.

(5) In thin magnetic films magnetization of boundary lay-
ers more rapidly decreases with the increase of the temper-
ature than in central layer. It is physically justified since
the field of exchange forces on boundaries is weaker than
the field of forces acting to spins at the central layer.

(6) The lower magnetization in boundary layers with
respect to the magnetization of the central layer means
that the concentrations of excitations in boundary layers
are higher than those in the central layer. In other words
spin waves energy of boundary layers is higher than that of
the central layer. This causes energy flow from the places
of higher energy to the place of lower energy. This fact
is expressed by the formula (78) were the transitions of
excitations from the layers nz = 0 and nz = 2 to the layer
nz = 1 are different from zero, while the inverse transition
are equal to zero.
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